Microwave coagulation therapy is a clinical technique for treating hepatocellular carcinoma (small size liver tumor). Through extensive numerical simulations, we reveal the mathematical relationships between some critical parameters in the therapy, including input power, frequency, temperature, and regions of impact. It is shown that these relationships can be approximated using simple polynomial functions. Compared to solutions of partial differential equations, these functions are significantly easier to compute and simpler to analyze for engineering design and clinical applications.
Introduction
In hyperthermic oncology, tumors are treated by applying localized heat to cancerous tissues, often in combination with chemotherapy or radiotherapy. Microwave coagulation therapy is one such clinical technique for treating hepatocellular carcinoma. In the treatment, a thin microwave antenna is inserted into the cancerous tissue and the microwave energy heats up the tumor, killing the cancer cells by producing a coagulated region. Numerical models of microwave cancer therapy have been studied for many years with mature algorithms and software packages [1] [2] [3] [4] [5] [6] . Despite this, the relationships between numerous parameters such as input power, frequency, temperature, and regions of impact are modeled with partial differential equations, which are not ideal or convenient for engineering design and clinical applications. However, the relationships between some of the critical parameters are relatively simple. They can be numerically represented by polynomial functions. The goal of this study is to investigate some relationships between aforementioned parameters for microwave coagulation therapy.
This study is carried out based on a large number of numerical experiments using the commercial software COMSOL [7] . The Microwave Cancer Therapy model, involving the RF and Heat Transfer modules, is used to obtain the temperature distribution in the cancerous tissues. Based on the numerical results, several functions from the model are approximated, including input power vs. maximum temperature, frequency vs. maximum temperature, and input power vs. regions of impact. These functions are either smooth and simple, or can be approximated using polynomials of degree less than or equal to nine. This set of functions provides a reduced model of microwave cancer therapy for engineering and clinical applications.
In Section 2, the basic design of a coaxial slot antenna and its numerical model are briefly described. In Section 3, the computational algorithm is tested using two different grids. We then show some numerical results for maximum temperature as a function of input power and of electromagnetic wave frequency. Their relationships are examined. In Section 4, regions of impact, including impact radius, area, and volume, for a given tissue temperature as functions of input power are presented. Conclusions are given in Section 5.
Microwave coagulation therapy using coaxial slot antenna
Microwave coagulation therapy is a widely used technology for the treatment of hepatocellular carcinoma. The technique has the advantage of being minimally invasive, requiring relatively short recovery time. In the treatment, a thin microwave antenna is inserted into the tumor. Then the microwave energy provided by the antenna heats up the tumor to about 50°C to destroy cancer cells. Medical applications of microwaves and their numerical models have been actively studied and developed for many years, see [1] [2] [3] [4] [5] [6] and the references therein. The antenna consists of a thin coaxial cable in a catheter. As shown in Figure 1 , the cable has two layers of conductors. There is a ring-shaped slot cut in the outer conductor near the tip. All physical dimensions of the antenna are also given in Figure 1 . In this study, we adopt the commercial software COMSOL [5] as a numerical model. We first solve the Maxwell equations and compute the electromagnetic specific absorption rate. Results are then used to solve the bioheat equation to obtain the temperature distribution in the cancerous tissues.
Let
! E and ! H denote the electric and magnetic field vectors, and r,!, z the cylindrical coordinates centered on the axis of the coaxial cable. The subscript 0 of a quantity represents the value of that quantity in the free space, and the subscript r represents the relative value (ratio) of that quantity to the free space value. We model the antenna using an axisymmetric transverse magnetic (TM) formulation. For a cylindrical harmonic wave propagating in a coaxial cable, the electric and magnetic fields can be expressed as
where A , ! , and k are the amplitude, angular frequency, and wave number, respectively. The impedance of the wave in the dielectric of the cable Z = µ ! is equal to the square root of the ratio of the dielectric permeability µ and permittivity ε.
The time-averaged power flow in the cable along the z direction between the inner radius r inner and outer radius r outer of the dielectric is given by
In the TM formulation, the Maxwell equations can be simplified to a wave equation
where ! is the electric conductivity. The electric field ! E is obtained from the Maxwell equations (Ampère's law) once the magnetic field ! H is solved from Eq. (3). Let ! n denote the unit normal vector for a surface. The boundary condition for a metallic surface is
In COMSOL, a first-order low-reflecting boundary condition
is used at outer boundaries of tissue. The quantity ! H ! 0 is related to the input power ! P avg through Eqs. (1) and (2) .
The temperature distribution inside a biological tissue during the coagulation can be obtained by solving the bioheat equation
where ! is the mass density, c is the specific heat capacity, T is the temperature, and ! is the thermal conductivity of the tissue, respectively. The first term on the right-hand side of Eq. (6) denotes the thermal conduction of tissue. The second term Q ext is the absorbed energy due to resistive heat generated by the electromagnetic field in tissue, which is obtained from the solution of the Maxwell equation
When normalized by tissue density, Q ext ! is referred as the specific absorption rate (SAR). The third term Q pfu is the heat loss due to microvascular blood perfusion,
where ! b is the blood density, c b is the blood specific heat capacity, ! b is the blood perfusion rate, and T b is the blood temperature. The metabolic heat generation term Q met is neglected in this study since its magnitude is substantially smaller than other terms in Eq. (6). In COMSOL, the time varying term on the left-hand side of Eq. (6) is also neglected, and only steady-state solutions are available. We, therefore, carry out only the stationary heat transfer problem in the current study. At boundaries, we assume no heat flux across tissue surfaces, that is
Dielectric, thermal, and blood perfusion properties of normal and cancerous tissues are complex functions of electromagnetic wave frequency, water and protein contents of the tissue, and temperature. These properties are obtained mostly through experimental measurements. However, measurements at temperatures above 60°C are scarce. In the current version of software, COSMOL has not implemented any of these property functions. We therefore use fixed, steady-state values in our study. Table 1 lists the properties of a liver tumor used in this study. 
Numerical experiments on the maximum temperature
In COMSOL, Eqs. (3) and (6) are solved using a finite-element method. Solutions of these differential equations have complex features around the antenna and inside the slot. Before extensive numerical experiments are carried out, we must confirm that the numerical results have converged as the grids are refined. For this purpose, we tested several grid resolutions. Two sets of grid meshes, the default grid and a refined grid, are shown in Figure 2 . The former has one grid cell in the slot in the radial direction, while the latter has 10 cells. A close-up view of each grid near the slot is depicted in Figure 3 . We analyzed the electromagnetic fields, power dissipation density, and tissue temperature distributions using a cylindrical harmonic microwave. Both grids result in almost identical solutions. Some results are shown in Figures 4-7 . All trials were done with input power P =10 W and frequency f =2.45 GHz. These results show that the numerical process converged using the default grid. The temperature variations along the centerline of the slot (z = 16 mm) and the catheter surface (r = 0.895 mm) are also presented here in Figures 8a and 8b , respectively. A three-dimensional plot of constant temperature surfaces is given in Figure 9 . The maximum temperature around the antenna is a function of the input power. To find this function, we fixed the frequency at f =2.45 GHz, which is commonly used in the therapy. The maximum temperatures are computed for a sequence of power inputs, which are then plotted in Figure 10 . Although the temperature is based on the solution of partial differential equations, we find that this relationship is rather simple, in fact, a linear function. . From our simulations we find that the maximum temperature always occurs near the slot, approximately 1-2 mm above the centerline, for all levels of input power applied in the numerical experiments. The electric field ! E at the maximum temperature point is therefore closely related to the boundary condition given in Eq. (1). Using Eq. (2), we obtain ! E~P avg . Finally, it follows that T~P avg .
A similar study for the functional relationship between frequency and maximum temperature for a fixed input power, P =10 W, was also carried out. The result is plotted in Figure 11 . The green symbols in the figure represent the maximum temperatures at three Industrial, Scientific, and Medical (ISM) Band frequencies, 915 MHz, 2.45 GHz, and 5.80 GHz, respectively. In contrast with the previous case, the maximum temperature exhibits an unsmooth variation at 1.6 GHz, a peak at the most efficient frequency 4.0 GHz, and a sharp decrease around 4.5 GHz. We found that this data can be accurately approximated by a polynomial of degree 9 using a least squares fit, as shown in Figure 12 , 
The maximum error of this functional fit is less than 0.5°C. 
Region of impact
The region in which the temperature is greater than a specified temperature is a critical piece of information for clinical applications. To find a simple model identifying this region, a sequence of simulations were carried out under different power inputs. The region of impact for a given minimum temperature is quantitatively characterized using three values: impact radius, impact area, and impact volume. The contour line positions for the temperature are first interpolated from the solution. One such example is shown in Figure 13 in which temperature contours of 50°C are plotted for different input powers ranging from 3W to 15W at 2W intervals operated at f =2.45 GHz. Corresponding level surfaces are obtained by rotating the contour lines with respect to the z axis. The impact radius is determined by the maximum value of r from positions of the contour line. The impact area and impact volume are obtained by integrating the area and volume enclosed by the contour line and level surface, respectively. The 50°C impact parameters are shown in Figure 14 for different input powers. Except at low input power for the impact radius, all three impact parameters show an approximately linear relationship with the input power. 
Conclusions
We have conducted numerical simulations on microwave coagulation therapy. From the numerical experiments, we conclude that some important relationships in microwave coagulation therapy can be approximately represented by relatively simple functions. This approach of model reduction has the potential benefit of developing simple tools for the improvement of therapeutic effect.
